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Abstract
In this paper, an inverse method was developed which can, in principle, reconstruct
arbitrary permeability, conductivity, thickness, and lift-off with a multi-frequency
electromagnetic method from inductance spectroscopic measurements.
Both the finite element method and the Dodd and Deeds formulation are used to solve
the forward problem during the inversion process. For the inverse solution, a modified
Newton–Raphson method is used to adjust each set of parameters (permeability,
conductivity, thickness, and lift-off) to fit inductances (measured or simulated) in a
least-squared sense because of its known convergence properties. The approximate
Jacobian matrix (sensitivity matrix) for each set of the parameter is obtained by the
perturbation method. Results from an industrial-scale sensor are presented. The results
are verified with measurements and simulations of selected cases.
The findings are significant because they show for the first time that the inductance
spectra can be inverted in practice to determine the key values (permeability,
conductivity, thickness, and lift-off) with a relative error of less than 5% during the
thermal processing of metallic plates.

1. Introduction
Multi-frequency electromagnetic sensors, such as EMspec [1], are now being used to
non-destructively test the properties of strip steel on-line during industrial processing.
These sensors measure the relative permeability of the strip during process operations
such as controlled cooling and the permeability values are analysed in real time to
determine important microstructural parameters such as the transformed fraction of the
required steel phases. These parameters are critical to achieving the desired mechanical
properties in the strip product. The inductance spectra produced by the sensor are not
only dependent on the magnetic permeability of the strip, but is also an unwanted
function of the electrical conductivity and thickness of the strip and the distance
between the strip steel and the sensor (lift-off). The confounding cross-sensitivities to
these other parameters must be rejected by the processing algorithms applied to
inductance spectra.
In recent years, the eddy current technique (ECT) [2-7] and the alternating current
potential drop (ACPD) technique [8-10] are the two primary electromagnetic nondestructive testing techniques on metals’ permeability measurements. However, the
measurement of permeability is still a challenge due to the influence of conductivity,
lift-off, and thickness on the detected signal. Therefore, decoupling the impact of the
other parameters than permeability is quite vital in permeability measurement [11-13].
This paper considers the cross-sensitivity of the complex spectra from a multi-frequency
inductance spectra to the four variables namely, permeability, conductivity, thickness,
and lift-off with tested sensors. The paper then goes further to consider the solution of
the inverse problem of determining unique values for the four variables from the
spectra. There are two major computational problems in the reconstruction process: the
forward problem and the inverse problem. The forward problem is to calculate the
frequency-dependent inductance for metallic plates with arbitrary values of
permeability, conductivity, thickness, and lift-off (i.e. the distance between the sensor
and test sample). The inverse problem is to determine each profile’s sensitivity, i.e. the
changes in each profile (permeability, conductivity, thickness, and lift-off with tested
sensors) from the changes in frequency-dependent inductance measurements. A
dynamic rank method was proposed to eliminate the ill-conditioning of the problem in
the process of reconstruction. Profiles of permeability, conductivity, thickness, and liftoff have been reconstructed from simulated and measured data using an EM sensor,
which has verified this method.

2. Coil arrangement and sample information
The sensor is composed of three coaxially arranged coils, configured as an axial
gradiometer; with the three coils having the same diameter, i.e. 150 mm. Each of the
coils has 15 turns, and the coil separation is 35 mm. A photograph of the sensor is
shown in Fig. 1. with its dimensions in Table 1. The central coil is a transmitter and the
two outer coils are receivers and connected in series opposition. A Solartron Impedance
Analyzer SI1260 is used to record the experimental sensor output data., The geometry
of the sensor has also been designed so that a high temperature version can be fabricated
for use at high temperatures in a production furnace and consequently magnetic
components such as a magnetic yoke cannot be used. The detailed design of the
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industrial high temperature version of the sensor is beyond the scope of this paper. The
design of this sensor is such that both the finite-element method and the Dodd and
Deeds formulation can be used to solve the forward problem during the inversion
process.
The samples were chosen to be a series of dual-phase steel (DP steel) samples - DP600
steel (with an electrical conductivity of 4.13 MS/m, relative permeability of 222, and
thickness of 1.40 mm) , DP800 steel (with an electrical conductivity of 3.81 MS/m,
relative permeability of 144, and thickness of 1.70 mm), and DP1000 steel (with an
electrical conductivity of 3.80 MS/m, relative permeability of 122, and thickness of 1.23
mm) and same planar dimensions of 500 × 400 mm size. The same probe was used for
measurements at several lift-offs of 5 mm, 30 mm, 50 mm, and 100 mm.
.

Receive coil1

Excitation coil

Receive coil2

Figure 1. Sensor configuration
Table 1. Coil parameters
Inner diameter

150 mm

Outer diameter

175 mm

lift-offs

5, 30, 50, 100 mm

Coils height

10 mm

Coils gap

35 mm

Number of turns N1(coil1) =
N2(coil2) = N3(coil3)

15

3. Proposed inverse solver
The inverse problem in this case is to determine the permeability, conductivity,
thickness, and lift-off with tested sensors profiles from the frequency-dependent
inductance measurements. A modified Newton–Raphson method [15]is used to adjust

3

each profile to fit inductances (measured or simulated) in a least-squared sense because
of its known convergence properties.
Definition of the problem:
1) L0 ∈ R m : observed inductances arranged in a vector form (In this paper, a
corresponded expansion matrix L 0 with the real part and imaginary part of observed
inductance listed on the top and bottom m rows of the matrix - i.e.
L 0 = [Re(L 0 ); Im(L 0 )] is presented). And m is the number of frequencies at which the
inductance measurements are taken (here we select 10 frequency samples, i.e. m = 10).
2) σ ∈ R : electrical conductivity of the tested sample.
3) µ ∈ R : permeability of the tested sample.
4) t ∈ R : thickness of the tested sample.
5) l ∈ R : lift-off of the sensors with respect to the sample plate.
6) f : R n → R m is a function mapping an input signal [σ μ t l] with n degrees of
freedom (here n = 4) into a set of m approximate inductance observations (In this
paper, a corresponded expansion matrix f with real part and imaginary part of
observed inductance listed on the top and bottom m rows of the matrix - i.e. f =
[Re(f);Im(f)] is included). Here f can be calculated by the forward problem method such
as Dodd and Deeds method.
7) φ
=
(1/ 2)[f − L 0 ]T [f − L 0 ] is the squared error of the measured and estimated
inductance
Note that f is a function of sample’s properties (σ, μ, t, l ) under fixed measurement
arrangements. The problem is to find a point (σ∗, μ∗, t∗, l∗) that is at least a local
minimum of the cost function φ .
The proposed inverse solver is shown as follows:
−1
(1)
−  J T J  J T [f (σ r ,μr , t r , l r ) − L 0 ]
[Δσ Δμ Δt Δl]T =
(2)
=
[σ μ t l]T
[σ r μr t r l r ]T + [Δσ Δμ Δt Δl]T
Where, J represents fσ'( rμ, rt, rl , r ) .
Equations (1) and (2) can be used in an iterative fashion to find (σ*,μ*, t*, l*) . This
formulation is known as the Gauss–Newton method. For each step in the iterative
procedure, the Jacobian matrix J needs to be updated, which involves a considerable
amount of computation.
Previously, Tikhonov regularization method has been widely used in many inverse
problems to deal with the ill-conditioning in J. However, the estimated error resulting
from the regularization cannot be neglected due to the amendment of the sensitivity
matrix. Here, a dynamic rank method is adopted to maintain that the results are
estimated from the original unmodified sensitivity matrix, which has much improved
the estimation accuracy. The principle of the dynamic rank method is indexing the
columns whose elements are all zeros. Then reduce the rank of the sensitivity matrix J
by omitting the indexed columns. For each step in the iterative procedure, the
corresponded rows of the estimated [Δσ Δμ Δt Δl]T should be valued zeros.
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4. Parameter sensitivity of multi-frequency
Figure 2-5 illustrate the effects of different delta profiles ( Δσ Δμ Δt Δl ) on both the real
part (a) and imaginary part (b) of the sensors and sample mutual inductance change rate
on the referred point (σ r μ r t r lr ) relative to samples’ electrical conductivity (
𝐼𝑚(∆𝐿)
∆𝜎

), relative permeability (

𝑅𝑒(∆𝐿)
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), thickness (
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and

) and lift-

off (
and
). Here the referred point (σ r μ r t r lr ) is selected to be the
∆𝑙
∆𝑙
properties of DP 600 steel sample with property profiles of (4.13 MS/m 222 1.4 mm 5
mm).
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Figure 2. Effects of different ( Δσ Δμ Δt Δl ) on both real part (a) and imaginary part (b) of
conductivity sensitivity of the referred point (Re(ΔL)/Δσ and Im(ΔL)/Δσ)

y

y

x

x

(a)
(b)
Figure 3. Effects of different ( Δσ Δμ Δt Δl ) on both real part (a) and imaginary part (b) of relative
permeability sensitivity of the referred point (Re(ΔL)/Δμ and Im(ΔL)/Δμ)
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Figure 4. Effects of different ( Δσ Δμ Δt Δl ) on both real part (a) and imaginary part (b) of sample
thickness sensitivity of the referred point (Re(ΔL)/Δt and Im(ΔL)/Δt)
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Figure 5. Effects of different ( Δσ Δμ Δt Δl ) on both real part (a) and imaginary part (b) of sensors
lift-offs sensitivity of the referred point (Re(ΔL)/Δl and Im(ΔL)/Δl)

Figures 2 to 5 show the frequency-dependent sensitivity of the sample electrical
conductivity, relative permeability, sample thickness, and sensor lift-off when different
delta profiles [Δσ Δμ Δt Δl]T within in the sensitivity matrix is selected to be 1%, 5%,
10% and 50% of referred properties [σ r μ r t r lr ]T ([4.13 MS/m 222 1.4 mm 5 mm])
respectively. It is found that as we decrease the changes of ( Δσ Δμ Δt Δl ) , the sensitivity

curves approach a set of saturation curves. Further decreasing ( Δσ Δμ Δt Δl ) would not
make a significant effect on sensitivity spectra.
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5. Reconstruction
As can be seen from Table 2, the samples profiles are reconstructed accurately from
both the measured inductance 𝐋0 and simulated data (parameters multi-frequency
spectra J and simulated inductance f) with a relative error of less than 5%, which is
achieved by utilizing the proposed dynamic rank method to eliminate the illconditioning problem in the process of reconstruction. (Here, the initial values
[σ r μ r t r lr ]T for the iterative search of the solution are 5 M S/m, 100, 2 mm, and 4mm.)
The proposed dynamic rank method is shown to be more efficient than the typical
regularization method - Tikhonov regularization method [15].
Table 2. Reconstruction of the selected samples’ properties (electrical conductivity relative
permeability μ, sample thickness t, sensors lift-offs l) when calculated by the proposed inverse
solver
Estimated value by the proposed
inverse solver

Actual value
Case No.

1

2

3

4

5

1

2

3

4

5

Conductivity σ (M S/m)

4.13

3.81

3.80

3.80

3.80

4.06

3.70

3.68

3.65

3.63

Relative
permeability - μ

222

144

122

122

122

229

138

120

119

116

Thickness - t
(mm)

1.40

1.70

1.23

1.23

1.23

1.41

1.69

1.23

1.23

1.24

Lift-off - l
(mm)

5

5

5

30

50

5.02

5.03

5.06

30.41 50.63

Iteration No.

-

-

-
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5

4

15

22

6. Conclusions
In this paper, a method is presented which has the potential to reconstruct an arbitrary
permeability, conductivity, thickness, and lift-off from inductance spectroscopic
measurements with an EM sensor. The forward problem was solved numerically using
the Dodd and Deeds formulation [14]. In the inverse solution, a modified Newton–
Raphson method was used to adjust the permeability profile to fit inductances
(measured or simulated) in a least-squared sense. In addition, a dynamic rank method
was proposed to eliminate the ill-conditioning of the problem in the process of
reconstruction. Permeability, conductivity, thickness, and lift-off have been
reconstructed from simulated and measured data, which verified this method.
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